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Abstract 



We show that when r > 5 is prime, the SO (3) Witten-Reshetikhin-Turaev quantum 
invariants for three-manifolds at the level r form a dense set in the complex plane. This 
confirms a conjecture of Larsen and Wang. 



1 Introduction 

Relatively recent work of Freedman, Larsen, and Wang in [3] and [9] sought to better understand 
the SO (3) quantum representation of the mapping class group of a surface. Though they were 
originally motivated by applications to quantum computation (see for example [1]), their results 
also have applications to studying topological three- manifolds. 

Historically, the first quantum theories originated with the Jones representation of the braid 
group and of the related Jones polynomial. In [15], Witten conceived of combining the Jones 
polynomial with Chern-Simons quantum theory to produce a three-manifold invariant, which 
was subsequently realized by Reshetikhin and Turaev in [13]. Further study of these construc- 
tions led to what is now referred to as examples of SU (2) and SO (3) Topological Quantum Field 
Theories. Though it encompasses more, for us a TQFT consists basically of a projective unitary 
representation of the mapping class group of a surface and a related three-manifold invariant. 
As the SU{2) theory may be derived from the 5*0(3) theory, we will focus on the simpler 5*0(3) 
version. We provide more description in Section [2l 

Freedman, Larsen, and Wang in [3J showed that the 5*0(3) quantum representation at level 
r = 5 has a dense image, and the result was generalized to include all prime and odd values of 
r > 5 by Larsen and Wang in [Sj. This paper builds on these density results and confirms a 
conjecture appearing in [9] regarding the related 50(3) quantum invariant. 

For a choice of level r and a root of unity A, let /(M) denote the corresponding 5*0(3) quantum 
invariant for a closed, connected, and orientable manifold M. 
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Theorem 1. When r is chosen to be a prime integer and r > 5 and when A = ie^'^^f^^ , the 
corresponding set of values of the 5*0(3) quantum invariants for closed, orientahle, connected 
three-manifolds {/(M)} is dense in C. 

Note that since there are only a countable number of compact three-dimensional manifolds up 
to diffeomorphism, the S'0(3) quantum invariants can take on only a countable set of values. As 
the quantum invariant I{M) provides a lower bound on Heegaard genus of M ([H]), this result 
implies that for any genus g, there are infinitely many three- manifolds with Heegaard genus at 
least g. 

The author would like to take this opportunity to thank Qihou Liu for his encouragement and 
enthusiasm, and also to thank her thesis advisor, Andrew Casson, for his insightful comments 
and continued support. 

2 SO (3) quantum theory 

Fix r > 3 to be an odd integer, and choose A to be one of the roots of unity ie^^'^*/^^ or 
_j_^g±27ri/4r establish notation and briefly review the pertinent S0{?>) quantum theory asso- 
ciated to r and A. We refer the reader to either Turaev's book ([13]) or Lickorish's survey (j^) 
for details on the basic constructions. 

Let Eg be a closed, orientable surface of genus g. Let Vg be the set of positive Dehn twists along 
simple closed curves in S^. The Dehn-Lickorish Theorem states that any self-homeomorphism 
of may be written as a finite product of Dehn twists. Thus Vg generates the mapping class 
group MCG'(Sg), and there exists a surjective map v : Free{Vg) MCG{'Lg), where Free{T>g) 
is the free group generated by Vg. 

The 5*0(3) quantum theory associated to r and A assigns to each Dehn twist on Sg a unitary 
map of some finite dimensional vector space Vg over C. For our purposes, we will not require 
the entire machinery involved in constructing Vg. We defer to the expositions of Turaev and 
Lickorish and only state the pertinent results here. 

The vector space Vg central to the 5*0(3) theory is in fact a Hilbert space, with an associated 
inner product (■, ■) : x C. Further, as we mentioned, every simple closed curve 7 on 

Eg induces a unitary map Pr,g{l) on Vg with respect to this inner product. Let UiVg) denote 
the set of unitary maps on V^, so that Pr,g{'y) G UiVg). Because each simple closed curve on 
corresponds to a Dehn twist along 7, and because products of unitary maps remain unitary, the 
Pr,g{l) extends to give a well-defined homomorphism p^.g : FreeiVg) UiVg). 

However, Roberts in [11] showed that upon composition with z/, pr^g descends to only a projective 
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unitary representation of MCGCEg). We have a commutative diagram as follows: 



Freeipg) 



Pr.g 



V 



TT 



(1) 



MCG{T.g) 



Here, the map vr is the standard projection map. We will discuss vr further in Section [31 

Roberts ([12]) also showed that that when r is not only odd but also prime, /v^ is an irreducible 
representation. From this, Freedman, Larsen and Wang (^) and Larsen and Wang ([9j) wield 
deep results in representation theory to establish that must have dense image. 

Theorem 2. ^) Let r > 5 be a prime integer, and let A be one of ±e^'^*/'^'", iie^'^*/^''. 
When g >2, the map p^g : MCG{T,g) — > PUiVg) has dense image. 

For the purpose of this paper, it will be eaiser to consider a restatement of Theorem [2], which 
follows directly from the commutativity of ([T]). 

Corollary 3. ('J^, J^j Let r > 5 be a prime integer, and let A be one o/ ie^'^*/'^'", iie^'^*/^''. 
When g >2, the map vr o pj. g : Free{T>g) — > PUiVg) has dense image. 

Remark. In the original papers [3] and [9J, only the root of unity A = ibze^'^*/*'" is considered. 
However the same proof also applies to A = ±e^'^*/^'', as the Dehn twist map has the same set 
of eigenvalues for either choice of A. 

Our main result. Theorem [T|, seeks to convert Freedman, Larsen, and Wang's result into one 
about the 5*0(3) quantum invariants for three-manifolds. 

In general, the 5*0(3) quantum invariant can be defined for any odd value of r and a choice 
of complex number A with A"^ a primitive rth root of unity. But when A is particularly one 
of ±e^^'^*''^^ or i^e^^'^*''^'" (so that the quantum representation exists), then, as we describe 
momentarily, there is a simple relation between the 5*0(3) quantum invariant and the quantum 
representation. 

We begin by considering mapping cylinders of homeomorphisms on E^. Let Hg be a handlebody 
of genus g. To every / G Free(Vg), we associate its mapping cylinder Mj = Hg U^(^f) Hg, 
obtained by gluing two identical copies of Hg by the homeomorphism z/(/) G MCG(T,g) along 
their boundaries. It is important to note that because every three-manifold has a Heegaard 
splitting, any three-manifold may be represented this way. 

The corresponding 5*0(3) quantum invariant I{Mf ) may be viewed as deriving from the action 
of Pr,g{f) e UiVg) on a single vector v^, G Vg, the so-called normalized vacuum vector. In 
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particular, 

I{Mf) =af ■ {prM)n^ n)- 

«/ is a complex term dependent on / and which captures information about the framing of Mf . 
Its inclusion is necessary to ensure that I{Mf) is indeed a three-manifold invariant. Though we 
provide no further details here, we do note that af is always a 4rth root of unity. The factor 
is a normalization constant associated to f0 in Vg. Further, /z is chosen so that I{S^) = /x 
and /i^ = 

In the following proof of Theorem [H it will be useful to regard the maps in U (Vg) as matrices. 
As a matter of convention, we will always choose the normalized vacuum vector f0 as the first 
basis element. Then {pr^g{f)v%, V(d) corresponds to the (1, l)-entry of a unitary matrix, which we 
write as Pr,g{f and so that 

I{Mj) = arp'-'-PrAfKi- 

We will capitalize on this relationship between I{Mf) and Pr,g{f) to prove Theorem [H 

We finally mention that the 5*0(3) quantum invariant enjoys many nice properties. For example, 
it behaves well under connected sum and change in orientation: 

/(M#M') = /(M) ■ I{M') and l(M) = I{M) 

for any three- manifolds M and M'. These properties will play prominently in the proof. 



3 Projection map 

We will need a few facts from group theory, which we present in a general setting. 

Let U{n) denote the space of n x n unitary matrices, and let PU{n) be the corresponding 
projective unitary matrices. Recall that PU (n) is defined as the space of equivalence classes of 
unitary matrices under the relation: U ~ iff [/ = e^'^^^V for some ^ e M. This identification 
induces a projection vr : f/(ri) — > PU{n). 

In the following, we will consider U{n) as a metric space with the Euclidean metric, where 

\U-V\ = ^Eij \Ui,j - Vij\^. Correspondingly, we have \TT{U)-n{V)\ = min^,^ \e^^'^U -e^''"'V\ 

in PU{n). This definition makes vr a continuous map. For a subset X of a metric space F, let 
X denote its closure in Y . 

Lemma 3.1. Let G he a group andip : G U{n) he a group homomorphism. Then the following 
statements are equivalent: 
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1. Im[Tio%l)) = PU{n). 

2. Given any unitary U E U{n) and e > 0, there exists g E G and ^ eM. so that |e^'^*^ i^ig) — 
U\ < e. 

3. Given any unitary U E U{n), there exists ^ eM. so that e^'^^^U E Im{ip). 

Proof: (1^2) Suppose U E U{n) so that vr(?7) E PU{n) = Im^-K o ■?/)). Thus there exists 
g E G so that {ir o iplg) — vr(f/)| < e. From the definitions, it follow that there exist e^^^^^^ and 
e2^^«2 such that le^""'^^ ip{g) - e^^'^^ U\ < e. So je^^^^^i-^^) ^(^) -U\<e. 

(2 ^ 3) Let gk and be so that je^^^^^ i){gk) -U\< l/k. So \ip{gk) - e'"^^'^^ U\ < l/k. By the 
compactness of the unit circle, there must be a subsequence {^fc^ } so that e"^'^^ g-27r«? fQj- 
some ^ G M. It follows that ^{gk^) e''^'^'^ U. 

(3 ^ 1) If e- ^"g U E I mjij), then 7r(f/) E 7r(/m(^)). So PU{n) C 7r(im(^). Because vr is 
continuous, 7i{Im{ilj)) C Im{n o tp). H 



Lemma 3.2. ///m(7r o = PU{n), then Im{tp) is a normal subgroup ofU{n). 

Proof: Firstly, Im{ijj) is a subgroup of U{n) since t/^ is a homomorphism. To show it is a 
normal subgroup, consider some 5* E Im{ilj) and U E U{N). The third statement in Lemma [3TT] 
implies that there exists ^ G M so that e'^'^'^U E Im{ip). Then, IJ-^SU = {e-^'''^U-^)S{e^'''^U) E 
Im{il)). □ 

4 Proof of Theorem [1] 

Assume that r > 5 prime. Let A = ■ie^'^*/^^ = zcos(7r/2r) — sin(7r/2r) or A = e^'^'^^'' = 
cos(7r/2r) + i sin(7r/2r), so that Theorem [2] and Corollary [3] apply. Let g be any number at least 
2. 

Recall the definition I{Mf) = «/ • ■ Pr,g{f For either choice of A, we have that /i^ = 
~^ — )_ _ (2i sm{iT/r)) ^ _ 2sm(7i-/r) ^ Obscrvc that < II < 1 wheu r > 5. Also recall that 

—r —r ' \jr ' — 

is a 4rth root of unity. 

We divide the proof into five lemmas. Let {/(M)} C C denote the set of values of S'0(3) 
quantum invariants for closed, orientable, connected three-manifolds. We begin by showing 
that {/(M)} n M is dense on the real line. 

The first lemma is due to Larsen and Wang. We reproduce the proof for the convenience of the 
reader. 
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Lemma 4.1. (Larsen-Wang, f^) Given a real a > and e > 0, there exists a 3-manifold N so 
that I |/(iV)| -a\ <e. 

Proof: Pick g > 2 so that < a ■ /x^-i < 1. Let U G U{Vg) with its (1, l)-entry being 
exactly a ■ fi^~^, which we notate as f/{i,i) = afi^~^. We apply Corollary [3] in conjuction with 
Lemma [3.11 to show that there exists / G Free(T>) and ^ with the property je^'^*^ Pr,g(/) — U\ < 
eji^~^. Restricting to the (1,1) entry, and je^'^'^ pr_g(/){i,i) — a < sji^"^. This gives that 
I |p^"^Pr,s(/)(i,i)| -a\<e. 

Finally observe that |/(Mj)| = ■ «/ ■ Pr,g(/)(i,i)| = |p^~^ ■ Pr,g(/){i,i)| since a/ is a root of 
unity. □ 

Lemma 4.2. Given a real a > and e > 0, i/iere exzsts so that I{N) E M and \I{N) — a\ < e. 

Proof: Since the square function is continuous and a > 0, there exists M so that | |/(M)p — 
a\ < e. Properties of the invariant imply 



I{M#M) = I{M) ■ I{M) = I{M) ■ I{M) = |/(M)|2. 
Now let N = MifM. □ 

We next attempt to find a sequence of manifolds M^^ whose invariant I{Mh„) converges to 
some complex number fee^'^*^ with 6' ^ Q. This is the key step, allowing us to use Kronecker's 
Theorem to assert density. 

Lemma 4.3. There exists a sequence hn G Free{T>g) so that Pr,g{hn)i,i —>■ e^'^*^ for some 6 ^ Q. 















Proof: 


Fix some z/ ^ Q and let U = 
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V 





Id 



of size dim(V^) — 2. There exists some ^ G M with e^'^'^f/ G Im{p^^g). We are done ii v + ^ ^ Q- 
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13.21 shows that Im{pr^g) is a normal subgroup of U{Vg). Thus the matrix P ^(e^'^*^f/)P G 
Im{pr^g). Its (1, 1) entry is e^'^*^. □ 

Lemma 4.4. There exists a sequence of 3-manifolds M^^ so that I(Mh^) — > b ■ e^'^'^' for some 
h>l andff iQ. 
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Proof: The previous step provides us with a 9 ^ Q and sequence /i„ so that |pr,g(^n)i,i — 
g2^ie| < (1/^)^9-1. We multiply through by to get that \I{MhJ- fx'^ ah^e'^'"'^] < 1/n. 

Because the ah„ is a 4rth root of unity, it can take on only a finite number of values. Thus we may 
pass to a subsequence where all ah„. are equal, say to a. Thus, \I{Mh„.) — a e^''*^! < l/rij. 

Set b = and e^^^^' = ae^""'^. □ 



Lemma 4.5. Given z = ae^'"^^ G C with a > 0, and given e > 0, t/iere exists a 3-manifold M 
so that |/(M) - z\ <e. 

Proof: If z = a then we are done by Step I4.2[ If not, take a > 0. We use an e-thirds 
argument. 

Firstly, Step 14.41 gives b > 1, 9' ^ Q and a sequence {MhJ such that I{MhJ b-e^^'^' . Because 
9' ^ Q, Kronecker's Theorem (Theorem 438 in Chapter 23 of [5J) says that {e^'^*^ ^}fceN is dense 
in the unit circle. We can thus find a G N with 

3 a 

Step 14.21 gives a manifold N with real /(A^) > so that 

fci ^ 



36^' 

By continuity, there also exists a sufficiently large m G N so that I{Mh^) has the property 

\I{MHj'-{b-e'-^'')'\<^^y 

Combining the above three inequalities with the triangle inequality, we show that the manifold 
M = N^kMh^ with /(M) = I{N)I{Mh^f has the desired property. Namely, 

\I{N)I{Mhj'' - a ■ e^^'^l < \I{N)I{Mhj'' - /(iV)6V'^*^'^| + 

= J(iV).|/(M,,J^-(6-e2-^^')'=| + 

6^ ■ |/(A^) -a-b~''\+a- \e^^''^'^ - e^^'''\ 
see 

^3 + 3 + 3- 

□ 
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Remark: The proof of Theorem [T] can be shortened by demonstrating a single M whose 
invariant has irrational angle, i.e. I{M) = ae^'^*^ with 6 ^ Q. This would replace the limiting 
arguments in Lemmas 14.31 and 14. 4[ However, the computation for I{M) is generally quite 
complicated and difficult to write in closed form. At least for some values of A, we do have an 
explicit, computable example which we sketch here. 

Let M = T'^x fS-^ be the mapping torus with fiber a torus and monodromy given by a single 
Dehn twist along a meridian curve. Alternatively, this manifold may be thought of as that 
which results from integral surgery in along the Borromean link with framings 0, 0, and 1. 
By appealing to the definition of /(M) and its properties, it can be seen that 

('"-2 / A2k+2 /l-2fe-2\2\ /r-2 \ 

even / \even / 

When A = e^-^^l^^ and r = 3 mod 4, elementary manipulations and a standard theorem on 
evaluating Gauss sums (see for instance [5]) show that 

The ^ term is a real number. The next factor will have its 4rth power on the real line (it is 
related to the a/ described in Section The last factor will not have any of its integer powers 
being a real number. 
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